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ABSTRACT
This thesis investigates analytically and numerically the flow and heat transfer of
nanofluids: between two infinite parallel plates, over a wedge, and past a stretching
sheet. Two problems have been considered for the parallel plates. A mathematical
model of squeezing unsteady nanofluid flow is studied firstly in the presence of
thermal radiation, and secondly, in the presence of both thermal radiation and heat
generation/absorption. The solutions are obtained by using homotopy perturbation
method (HPM) and fourth-order Runge-Kutta with shooting technique (RK4). The
flow of nanofluids over a wedge leads to the derivation of the Falkner-Skan equation
and this problem have been solved using the optimal homotopy asymptotic method
(OHAM). Finally, three issues have been considered for nanofluids past the stretching
sheet. Firstly, we considered a problem of flow and heat transfer of nanofluids over
a dynamic stretching sheet with non-linear velocity and variable thickness in the
presence of Brownian motion and thermal radiation. Secondly, the effect of a chemical
reaction is taken into account. These two problems have been investigated using the
OHAM and RK4. Lastly, a mathematical model for the effect of chemical reaction in
a natural convective boundary-layer flow of nanofluids has been evolved. The HPM
with Pade approximation (HPM-Pade) along with RK4 is used to solve the nonlinear
governing equations. It is found that the thermal radiation had recorded a significant
influence, in which it has been observed that the growing value of the thermal radiation
parameter results to the decrease in the temperature profile in the case of squeezing
flow problem. Thereby both the thermal boundary layer thickness and temperature
profile have substantially risen in the flow and heat transfer over a stretching sheet
cases. From the subsequent cases, we also found that the temperature is high due to
the increase in both the Brownian motion and the thermophoresis parameters, while the
scenario reverses as the nanoparticle concentration only increases with the strengthen
thermophoresis parameter and slow down with an increase in the Brownian motion
parameter.
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ABSTRAK
Tesis ini mengkaji secara analitik dan berangka aliran dan pemindahan haba
nanobendalir: yang berada di antara dua plat tak terhingga yang selari, terhadap baji
dan melintasi helaian yang meregang. Dua masalah telah dipertimbangkan untuk
aliran melalui plat selari. Pertamanya, model matematik terhadap aliran tak mantap
nanobendalir yang dipicit dengan kehadiran sinaran terma dan keduanya, dengan
kehadiran sinaran terma dan penjanaan/penyerapan haba. Penyelesaian diperoleh
menggunakan kaedah usikan homotopi (HPM) dan skim Runge-Kutta peringkat
empat dengan teknik tembakan (RK4). Aliran nanobendalir terhadap baji pula
mendorong kepada pembentukan persamaan Falkner-Skan dan telah diselesaikan
menggunakan kaedah homotopi asimptot optimum (OHAM). Akhirnya, tiga isu
telah dipertimbangkan untuk nanobendalir yang melintasi helaian yang meregang.
Pertamanya, masalah aliran dan pemindahan haba nanobendalir terhadap helaian yang
meregang secara dinamik dengan halaju tak linear dan ketebalan yang berbeza diiringi
dengan kehadiran pergerakan Brown dan sinaran terma. Keduanya, kesan tindak
balas kimia telah diambil kira. Kedua-dua masalah ini telah dikaji menggunakan
OHAM dan juga RK4. Akhirnya, model matematik bagi kesan tindak balas kimia
pada perolakan tabii di dalam aliran lapisan sempadan nanobendalir telah dikaji.
Kaedah HPM dengan anggaran Pade (HPM-Pade) bersama dengan RK4 digunakan
untuk menyelesaikan persamaan menakluk tak-linear. Didapati bahawa sinaran
terma memberi kesan yang penting, yang mana pada masalah aliran cubitan dengan
meningkatkan parameter sinaran terma menghasilkan pengurangan pada profil suhu.
Pada waktu yang sama pada masalah helaian merenggang, kedua-dua ketebalan lapisan
sempadan terma dan profil suhu meningkat secara ketara. Pada masalah yang terakhir,
didapati bahawa suhu meningkat akibat dari pada peningkatan parameter gerakan
Brown dan termoforesis. Sementara itu, senario sebaliknya berlaku apabila kepekatan
nanozarah hanya meningkat dengan kekuatan parameter termoforesis dan perlahan
dengan peningkatan parameter gerakan Brown.
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CHAPTER 1
INTRODUCTION
1.1 Research background
The tentative study of nanofluid has allured an intense scientific interest amongst many
researchers as a new generation of coolants for different industrial and automotive
applications, where the low thermal conductivity is being the base restriction in the
development of energy-efficient heat transfer fluids that are mainly required in many
industrial applications. In this regard, an innovative new generation of heat transfer
fluids was discovered by suspending metallic nanoparticles in base fluid water or
other kinds of fluids. This fluid requires to manifest high thermal conductivities and
is worthy of applying to the engineering problems, like heat exchanger, cooling of
electronic components as well as chemical processes among others. Hamilton and
Crasser (1962), Akoh et al. (1978), Choi and Eastman (1995), Buongiorno (2006) and
Noghrehabadi et al. (2014).
For this reason, studies in diverse have been carried out using the said fluid in
order to analyze its efficiency and role played in the heat transfer process. Zargartalebi
et al. (2015), Pal and Mandal (2015), Ganga et al. (2015), Das (2015a), Chandrasekar
and Kasiviswanathan (2015), Mansur and Ishak (2016), Makinde et al. (2016), Khan
et al. (2016a), Khan et al. (2016b) and Gireesha et al. (2016).
For decades the study of squeezing viscous flow has grabbed the attention of
many researchers around the globe, for its broad scope of real applications, such as
2polymer processing, lubrication system, food processing, hydrodynamical machines,
compression, and crops damage due to freezing, formation, and dispersion amongst
others. As reported in; Hamza (1964), Hamza (1991) and Bhattacharyya and Pal
(1997).
In the last few decades, many problems arising in science and engineering
which were believed to be nonlinear, have grabbed the interest of many researchers
because of its challenging nature in getting the analytical solutions to such a cases.
This happens, due to the complexity of their boundary conditions. Amongst such
problems, there is; Falkner-Skan wedge flow equation, which was first introduced
by Falkner and Skan (1931) in their quest to study the flow over a stationary wedge
immersed in a viscous fluid. Many efforts have been made by many researchers to
investigate the concrete solutions to such problem of nonlinear differential equations.
See Pantokratoras (2006), Zhu et al. (2009), Valencia and Rosales-Vera (2010) and
Yacob et al. (2011).
The study of heat transfer on the basis of nanofluid over a stretching sheet is
indeed phenomenon as it possesses many industrial practical applications. Some of the
great applications of a viscous fluid over a stretching sheet are; annealing and tinning of
copper wire, paper production, condensation process of metallic plate in a cooling bath,
extrusion of a polymer sheet from a dye and aerodynamic extrusion of plastic sheets,
where the final products usually depend on the stretching and cooling rates at the
surface [Alinejad and Samarbakhsh (2012) as well as Reddy (2012)]. However, it does
not limit to the Newtonian fluids but also the non-Newtonian fluids like micropolar
fluids. Amongst the recent studies in which more insights concerning the precedent
study (i.e. the flow and heat transfer of a viscous fluid in relation to the stretching
sheet) can be found in Govindaraju et al. (2015), Mustafa et al. (2015), Ahmad et al.
(2016b), Ahmad (2016a), Hayat et al. (2016a), Mabood et al. (2016b), Ros¸ca et al.
(2016), Sandeep et al. (2016), Sui et al. (2016) and Ziaei-Rad et al. (2016).
It has been a viable fact that we have been conspicuously motivated, by the
significance and practical application of nanofluid in the following cases such as;
squeezing flow, wedge flow, stretching surface, and flow due to convectively heating by
3the boundary, as apparently mentioned in the above paragraphs. However, this thesis
had vigorously subjected us to some burdensome challenges by the way and manner
in which we faced with the more complicated and strongly non-linear governing
equations with multiple dimensional parameters as well as the complexity in handling
the analytical techniques.
As this thesis has concerned on the modification of the existing mathematical
models as well as using both analytical and numerical techniques to study the natural
convective flow and heat transfer of nanofluid, to the best of our knowledge, the listed
cases below, have not yet been available in the literature. Therefore, we determined
to fill in the void left behind in the research field as follows: that is, (1) squeezing
transient nanofluid flow between infinite parallel plates with: (i) thermal radiation and
(ii) heat generation/absorption; (2) Falkner-Skan flow over a wedge using a revised
optimal homotopy asymptotic method; (3) flow and heat transfer over a stretching
surface with: (i) Brownian motion and thermophoresis as well as thermal radiation;
and (ii) Brownian motion and chemical reaction; (4) convective boundary-layer flow
of a nanofluid past a linearly stretching sheet with chemical reaction.
The problem statements, objectives, and scope of this study were stated in
the subsequent three sections. The significance of findings of this study is captioned
in Section 1.5, while section 1.6, is representing a report on research methodology.
Whereas, the thesis organization is detailed in Section 1.7.
1.2 Problem statement
The natural convective nanofluid flow models are appeared to be such complicated
systems, on account of their strong nonlinearity. Due to this feature, is being
challenged in handling such systems analytically. This research took into account
the theoretical studies of the natural convective flow of nanofluid through parallel
infinite plates, over a wedge and stretching sheet, for both steady and transient cases.
The extension from the existing models can be stated as; (i) to consider the thermal
4radiation effects along both the unsteady squeezing flow and steady flow and heat
transfer of nanofluid, (ii) by considering the effects of heat generation/absorption
alongside squeezing unsteady Cu and TiO2-nanofluids flow, (iii) to take into account
the effects of Brownian motion and thermophoresis along the flow and heat transfer of
nanofluids and (iv) the chemical reaction impacts for both generative/destructive cases
on both the flow and heat transfer as well as the convectively heated boundary layer
flow of nanofluid.
In this regards, to handle such cases, two essential techniques have been
proposed namely, (i) analytical and (ii) numerical. (For the analytical technique, the
homotopy perturbation method (HPM), the HPM link with Pade approximants (HPM-
Pade) and the optimal homotopy asymptotic method (OHAM) have been used). (While
for the numerical technique Runge-Kutta fourth-order method with shooting technique
is applied).
1.3 Objectives of the Study
This research is aimed to investigate the problems of natural convective flow of
nanofluid by using both the analytical and numerical techniques in solving the modified
mathematical models for the stated problems, with the inclusion of one particular
problem which determined our capability of using one of the analytical method applied
in this thesis:
(i) Analytical and numerical solutions of squeezing unsteady nanofluid
flow in the presence of thermal radiation;
(ii) Analytical and numerical solutions of squeezing unsteady Cu and
TiO2-nanofluids flow in the presence of thermal radiation and heat
generation/absorption;
(iii) Solution of the Falkner-Skan wedge flow by a revised optimal
homotopy asymptotic method;
5(iv) Flow and heat transfer of nanofluids over a dynamic stretching sheet
with non-linear velocity in the presence of Brownian motion and
thermophoresis, thermal radiation and chemical reaction;
(v) Natural convective boundary layer flow of a nanofluid past a linearly
stretching sheet with chemical reaction.
1.4 Scope of the Study
The scope of this study is confined to the problems involving transient and steady
natural convection flow of nanofluid. Furthermore, this study considers; the two-
dimensional, viscous, incompressible boundary layer flow of nanofluids: that is
squeezed between two parallel plates, over a wedge and a stretching sheet, respectively.
Analytical and numerical techniques are used to handle the mathematical models of
the problems. For analytical technique; the homotopy perturbation method (HPM), the
HPM link with Pade approximants (HPM-Pade), and the optimal homotopy asymptotic
method (OHAM) are used. While, for numerical technique, the RK4 with shooting
technique is utilized to the problems. The effects of thermal radiation and heat
generation/absorption along the squeeze and stretching surface viscous nanofluid fluid
flow is observed. The chemical reaction effects of both (generative and destructive)
types in the quest of mass transfer over a stretching surface are also considered. While
all the other pertinent parameters involved in the problems are duly analyzed.
1.5 Significance of study
The bearing of this research will bring about a great significant in the field of science
and technology as outlined below:
(i) The radiative flow of nanofluid squeezed between two parallel plates
would bring more insights about how the thermal boundary layer
thickness and the temperature distribution behave when subjected to
thermal radiation;
6(ii) The behavior in which the heat transfer process displays when
affected by the heat generation/absorption parameter is worth
attention as both suction and injection cases appeared to produce
opposite results from the temperature distribution;
(iii) The study of natural convective heat and mass transfer over a
stretching sheet is remarkably showcased the true nature of the
chemical reaction parameter as both destructive and generative
chemical reaction give a distinct type of result:
(iv) In the area of technology and natural process, chemical reaction has
played a remarkable role where the mass fluxes of chemical species
on boundaries are indeed vital for example; heterogeneous reactions
on catalytic surfaces, electrochemical reactions on the surface of an
electrode and the exchange of chemicals in biological surfaces;
(v) Radiative heat transfer flow plays a significant role in manufacturing
industries such as designing of trustworthy equipments, nuclear
power plants, gas turbines and different propulsion devices for
aircraft, missiles and satellites.
(vi) Hopefully, the newly extended mathematical models might roll out
many more studies on other kinds of fluids flow problems, such as
Newtonian, non-Newtonian fluids and much more;
(vii) The obtained analytical and numerical solutions will serve as tools
which might be helpful for evaluating and validating the accuracy
of both approximate analytical and numerical methods, as well as
experimental practices.
(viii) Furthermore, the results found, could be used as the basis for
fluid flow problems frequently occurring in applied sciences and
engineering. Due to its practical applications, such as solar
collectors, thermal insulation, and cooling of electronic components
among others.
71.6 Research methodology
This section comprises both the analytical and numerical techniques, as well as the
fundamental governing equations amidst the flow problem, and it has been divided into
five subsections. In the first part of this section, we presented a review of the distinct
methods applied in solving nonlinear partial and ordinary differential equations. The
analytical techniques utilized in this study include; HPM; OHAM; and HPM-Pade.
While as for the numerical method, RK4 method along with shooting technique is
used. In the remaining four subsections, we have the numerical methods, mass and
momentum equations, the general concept of basic flow equations and dimensionless
quantities. Thus, the following procedure regarding this research has been applied
throughout the thesis:
1.6 .1 Analytical techniques
The analytical method is the procedure that understands the mechanism and physical
effects through the model problem, where it is indeed useful to validate the numerical
method. Furthermore, its solutions are computed using techniques that yield an exact
solution. In which the exact solution generally refers to a solution that records the
entire physical and mathematical features of a given problem.
1.6 .1.1 Homotopy perturbation method
The homotopy perturbation method (HPM) was first proposed by He (1999), thus it
has also been developed and improved by (He (2000), He (2003), and He (2006)). In
fact, it is indeed worth mentioned that the homotopy perturbation method is a fusion
of the traditional perturbation technique and the homotopy technique in topology.
It is quite noted that HPM happens to be one of the powerful and essential
methods and it has usually proven to be an efficient tool in finding the approximate
8solutions for the nonlinear problem. As the case might be in science and engineering,
which mostly consists of nonlinear phenomena and are described by nonlinear
equations. However, it does not rely upon a small parameter in the equation. Amongst
the studies of the application of HPM to various problems; Ganji and Heidari (2007),
Jazbi and Moini (2008), Babolian et al. (2009), Hetmaniok et al. (2012), Nofel (2014),
Roy et al. (2015) and Yun and Temuer (2015).
The basic idea of the HPM can be illustrated by considering the following
general nonlinear differential equation
D(u()) + g() = 0;  2 
; (1.1)
with boundary conditions
B

u;
@u
@n

= 0;  2  ; (1.2)
whereD is the general differential operator, u() is the fluid velocity,B is the boundary
operator, g() is the known analytic function,   is the boundary of the domain 
 and
@
@n
is the normal derivative pointing outward from 
.
The operator D, can be divided into two parts; L and N , where L is the linear
and N is the nonlinear part, respectively. Hence Eq. (1.1) can be defined as follows:
L(u) +N (u)  g() = 0: (1.3)
Using the homotopy technique, He (1999) modelled a homotopy v(; p) : 
 [0; 1]!
R, which satisfies
H(v; p) = (1  p) [L(v)  L(u0)] + p [D(v)  g()] ; p 2 [0; 1] (1.4)
where p 2 [0; 1] is called an embedding parameter, and u0 is the initial approximation
of Eq. (1.1) with respect to the boundary conditions (1.2). Therefore, we can also write
these as:
H(v; 0) = L(v)  L(u0); (1.5)
H(v; 1) = D(v)  g(): (1.6)
9It can be observed that the process in which the embedding parameter p changes from
zero to unity, is just as v(; p) from u0() to u(). This process is called deformation
in topology, while L(v)  L(u0) and D(v)  g() are called homotopy. He states that
the embedding parameter p can be classified as an expanding parameter, and as far as
HPM is concern, the embedding parameter p can be expressed as a series expansion
for the solution of Eq. (1.4) as:
v =
1X
i=0
pivi: (1.7)
when setting p = 1 in equation (1.7), this leads to the approximate solution of equation
(1.1) which can be written as:
u = lim
p!1
v =
1X
i=0
vi: (1.8)
The series (1.8) is convergent for most cases. Yet, the convergent rate depends upon
the nonlinear operator D(v).
1.6 .1.2 HPM-Pade
It is well known that Pade approximations have the advantage of manipulating the
polynomial approximation into a rational function of polynomials. Because this
manipulation gives more information about the mathematical behavior of the solution.
It is also noted that the Pade approximants for the function say f() converge
uniformly to f() in any closed, connected set on the Riemann sphere containing the
origin but not containing any of the singular points or points on suitable cuts of f()
[Baker et al. (1961) and Boyd (1997)]. In fact, power series are not useful for large
values of , say  = 1. Using the boundary condition f 0(1) = 0, the diagonal
approximant [N=N ] vanishes if the coefficient of  with the highest power in the
numerator vanishes [Wazwaz (2006)]. By putting the coefficients of the highest power
of  equal to zero we can easily find the values of the missing parameter f 00(0) = .
However, it has been found and shown that power series in isolation are not useful
for handling boundary value problems as it can be ascribed to the potentiality that
the radius of convergence may not be sufficiently large to contain the boundaries of
the domain [Hayat et al. (2009)]. Thus, the linking of the series solution through
10
the HPM or any other series solution method with the Pade approximation provides
an efficient tool for handling boundary value problems on infinite or semi-infinite
domains. Moreover, it is worth noting that Pade approximants can be easily evaluated
by using built-in functions in manipulation languages such as Maple and Mathematica.
The primary idea of Pade approximation can be deliberated by the following
series expansion
f() =
1X
i=0
ci
i (1.9)
where f() represent a function and ci are the coefficients of the power series
expansion of i. Now a Pade approximation can be written as a rational function
as hE
G
i
=
PE()
QG()
; (1.10)
where PE() is a polynomial of degree at most E andQG() is a polynomial of degree
at most G. The polynomials can be written as
PE() = a0 + a1 +   + aEE;
QG() = b0 + b1 +   + bGG; (1.11)
It is also require that, both PE() and QG() have no common factor. HencehE
G
i
=
a0 + a1 +   + aEE
b0 + b1 +   + bGG ; (1.12)
where a0; a1;    ; aE and b0; b1;    ; bG are the coefficients of the numerator and
denominator respectively.
Here for the notation of formal power series, we get
1X
i=0
ci
i =
a0 + a1 +   + aEE
b0 + b1 +   + bGG +O(
E+G+1); (1.13)
Let impose the normalization condition as QG(0) = 1. Then after multiplying the
both sides of (1.13) by the polynomial b0 + b1 +   + bGG, which linearizes the
coefficient equations, we find
(b0 + b1 +   + bGG)(c0 + c1 +   + cEE) =
(a0 + a1 +   + aEE) +O(E+G+1);
b0c0 + b0c1 + b0cE
E + b1c0 + b1c1
2 + b1cE
E+1 + bGc0
G
+bGc1
G+1 +   + bGcEG+E = a0 + a1 +   + aEE; (1.14)
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Equating the coefficients of E+1, E+2,    , E+G from (1.14), here, it can be written
in more details as
cE+1 + cEb1 +   + cE G+1bG = 0;
cE+2 + cE+1b1 +   + cE G+2bG = 0;
cE+G + cE+G 1b1 +   + cEbG = 0; (1.15)
Eq. (1.15) can be written in the form0BBBBBB@
cE+1 cE : : : cE G+1
cE+2 cE+1 : : : cE G+2
...
...
...
cE+G cE+G 1 : : : cE
1CCCCCCA
0BBBBBB@
b0
b1
...
bG
1CCCCCCA =
0BBBBBB@
0
0
...
0
1CCCCCCA (1.16)
It is clear that, the coefficients b0; b1;    ; bG of the denominator QG() in Eq.
(1.10) can be determined by solving the above system of linear homogeneous equations
with a Toeplitz n (n+ 1) matrix.
a0 = c0;
a1 = c0 + c0b1;
...
aE = cE + cE 1b1 +   + c0bE: (1.17)
To solve these equations, we start with (1.15), which is a set of linear equations for all
the unknown b0s. So, once b0s got known from equations (1.16) and (1.17), then a0s
can be explicitly found from Eq. (1.17), hence complete the solution. On other hand, if
equations (1.15) and (1.17) are nonsingular, then those equations can be directly solved
and get Eq. (1.18) [Noor and Mohyud-Din (2009)], where Eq. (1.18) satisfies, and if
the lower index on a sum surpasses the upper, the sum is replaced by zero:
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hE
G
i
=
det
26666664
CE G+1 CE G+2 : : : CE+1
...
... . . .
...
CE CE+1 : : : CE+GPE
i=GCi G
i
PE
i=G 1Ci G+1
i : : :
PE
i=0Ci
i
37777775
det
26666664
CE G+1 CE G+2 : : : CE+1
...
... . . .
...
CE CE+1 : : : CE+G
G G 1 : : : 1
37777775
(1.18)
This is to obtain a diagonal Pade approximants of different order such as [2=2],
[4=4] or [8=8], thus, the symbolic calculus software Maple can be used to compute the
desired order. [See Abassy et al. (2007), Torabi and Yaghoobi (2011) and Bojdi et al.
(2013)].
1.6 .1.3 Optimal homotopy asymptotic method (OHAM)
The newly analytical method renowned as optimal homotopy asymptotic method
(OHAM) which is really effective and capable of handling nonlinear problems
appearing in the fluid flow and heat transfer, was first introduced by Marinca and
Heris¸anu (2008) and Marinca et al. (2009). From the nonlinear equation (1.1), using
the homotopy technique, OHAM is being constructed as v(; p) : 
  [0; 1] ! R,
where p 2 [0; 1] is an embedding parameter, which satisfies the expressions below:
H(v; p) = (1  p) [L(v(; p)) + g()] H(p) [D(v) + g()] ;
B(v(; p)) = 0 (1.19)
In which D(v) can be written as [L(v(; p)) +N (v(; p))] where H(p) is a nonzero
auxiliary function for p 6= 0 and H(0) = 0, while v(; p) is an unknown function,
respectively. Apparently, when p = 0 and p = 1 it holds that
v(; 0) = u0();
v(; 1) = u(): (1.20)
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It is worth noting that, as p rises from zero to unity, then the solution v(; p) changes
from u0() to u(), where u0() is obtained from the expression (1.19), respectively.
Taking into account the auxiliary function H(p) in the form
H(p) = pC1 + p
2C2 +    (1.21)
where Cj(j = 1; 2;    ) are unknown convergence-control parameters which are to be
figured out. In a quest to get a desired approximate solution the function v(; p; Ci) is
expanded in a series independent of p as follows:
v(; p; Ci) = u0() +
X
i1
ui(; Ci)p
i; where i = 1; 2; : : : (1.22)
By substituting equation (1.22) into (1.19) and equating the coefficients of like powers
of p the following equations are obtained
L(u0() + g()) = 0; B

u0;
du0
d

= 0; (1.23)
L(u1()) = C1N0(u0()); B

u1;
du1
d

= 0; (1.24)
L(ui()  L(ui1()) = CiN0(u0())
+
i 1X
j=1
Ci[L(ui j())
+Ni j(u0(); u1(); : : : ui j())];
B

ui;
dui
d

= 0; i = 2; 3; : : : (1.25)
where Ni j(u0(); u1(); : : : ui j()) is the coefficient of pi j , derived from
the expansion of N (v(; p; Ci)) with respect to the embedding parameter p:
N (v(; p; Ci)) = N0(u0()) +
X
i1
Ni(u0(); u1(); : : : ui())pi: (1.26)
The convergence of the series (1.22) depends on the unknown convergence-
control parameters C1; C2; :::: If it converges at p = 1, then
u(; Cj) = u0() +
X
i1
ui(; Cj): (1.27)
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Thus, in general, the desired solution of (1.1) can be approximately written in the form:
ur(; Cj) = u0() +
rX
i=1
ui(; Cj); where j = 1; 2; 3; : : : (1.28)
Substituting equation (1.28) into (1.1) this leads to the following residual
R(; Cj) = L(u
r(; Cj)) +N (ur(; Cj)) + g(); where j = 1; 2; : : : (1.29)
If R(; Cj) = 0, then ur(; Cj) is simply the exact solution. However, such condition
will not occur for nonlinear problems. Besides, if R(; Cj) 6= 0 then we should
minimize the square residual error:
J(Cj) =
Z b
a
R2(; Cj)d; (1.30)
where a and b are values, subject to the given problem. The unknown convergence-
control parametersCj(j = 1; 2; : : : ; r) can be optimally determined from the following
conditions
@J
@C1
=
@J
@C2
=    = @J
@Cr
= 0: (1.31)
Having get these convergence-control parameters known, then the approximate
solution of order r from equation (1.28) is well determine.
It is worth noting that, the so-called HPM proposed by He is indeed a special
case of equation (1.19) when H(p) =  p, while the HAM proposed by Liao and
Chwang (1998) yet another special case of equation (1.19) when H(p) =  ph, where
the parameter h is obtained from so-called “h-curves”. Another essential feature of
the OHAM is that using equation (1.31), a minimization of errors is attained, which
allows the convergence of the approximation to be so flexible by the fact that it gives
adjustable values within the convergence region.
The application of OHAM towards the problems of nonlinear type, have gained
much interest in the research field; Idrees et al. (2012), Haq and Ishaq (2012), Kashkari
(2014), Marinca and Heris¸anu (2014), and Ene and Marinca (2015).
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1.6 .1.4 Basic idea of revised OHAM
Here we apply OHAM to the differential equation as follows:
L(f(z)) + g(z) +N (f(z)) = 0; B

f;
df
dz

= 0 (1.32)
where L is a linear operator, z is an independent variable, f(z) is an unknown function,
g(z) is a known function,N (f(z)) is a nonlinear operator andB is a boundary operator
respectively.
By means of OHAM one first constructs a family of equations:
(1  p)[L((z; p)) + g(z)] = H(p; z)[L((z; p)) + g(z) +N ((z; p))];
B

(z; p);
@(z; p)
@z

= 0; (1.33)
where p 2 [0; 1] is an embedding parameter, L is a linear operator which depends
on the boundary operator B and on the initial approximation f0, H(p; z) is a nonzero
auxiliary function for p 6= 0, here H(0; z) = 0 and (z; p) is an unknown function,
respectively. Obviously, when p = 0 or p = 1 it holds
(z; 0) = f0(z); or
(z; 1) = f(z) (1.34)
As p increases from 0 to 1, the solution (z; p) varies from f0(z) to the solution f(z),
where f0(z) is obtained from Eq. (1.33) for p = 0:
L(f0(z)) + g(z) = 0; B

f0;
df0
dz

= 0: (1.35)
Instead of written the auxiliary function as H(p) = pC1 + p2C2 +    , we choose the
auxiliary function H(p; z) in the form
H(p; z) = ph1(z; C1i) + p
2h2(z; C2i) +   + pmhm(z; Cmi); (1.36)
where h1; h2; : : : ; hm are functions depending on the variable z and convergence-
control parameters C1i; C2i; : : : ; Cmi for i = 1; 2; : : :, which can be determined later.
Let us consider the solution of Eq. (1.33) is in the form
(z; p; hi) = f0(z) +
X
k1
fk(z; hi)p
k; i = 1; 2; : : : ; (1.37)
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Substituting Eq. (1.37) into Eq. (1.33) and equating the coefficients of like powers of
p, we obtain the governing equation of f0(z) given by Eq. (1.35) and the governing
equation of fk(z), as follows:
L(f1(z)) = h1N0(f0(z)); B

f1;
df1
dz

= 0; (1.38)
L(fk(z)  fk 1(z)) = hkN0(f0(z))
+
k 1X
i=1
hi[L(fk i(z)) +Nk i(f0(z); f1(z); : : : ; fk 1(z))];
B

fk;
dfk
dz

= 0; i = 2; 3; : : : ; (1.39)
where Nm(f0(z); f1(z); : : : ; fm(z)) is the coefficient of pm, obtained by expanding
N ((z; p; hi)) in series with respect to the embedding parameter p:
N ((z; p; hi)) = N0(f0(z)) +
X
m1
Nm(f0; f1; : : : ; fm)pm; i = 1; 2; : : : ; (1.40)
where (z; p; hi) is given by Eq. (1.37).
It should be emphasized that fk for integer k  0 are governed by the linear
Eqs. (1.35), (1.38), and (1.39) with the linear boundary conditions which are believed
to have been driven from the original problem, and can be solved easily.
The convergence of the series (1.37) depends upon the auxiliary functions
h1; h2;    . If it is convergent at p = 1, one has
f(z; hi) = f0(z) +
X
k1
fk(z; hi): (1.41)
Generally, the solution of Eq. (1.1) can be determined approximately in the form:
f (m)(z; hi) = f0(z) +
mX
k=1
fk(z; hi); i = 1; 2; : : : ;m: (1.42)
Substituting Eq. (1.42) into Eq. (1.1) it gives the following residual
R(z; hi) = L(f
(m)(z; hi) + g(z) +N (f (m)(z; hi))); i = 1; 2; : : : ;m: (1.43)
If R(z; hi) = 0, then f (m)(z; hi) happens to be the exact solution. However, such case
will not occur for problems that consists of nonlinear, though we can minimize the
functional
J(Cij) =
Z b
a
R2(z; hi)dz; i = 1; 2; : : : ;m; j = 1; 2; : : : (1.44)
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where a and b are two values, depending on the given problem. The unknown
convergence- control parameters Cij; i = 1; 2; : : : ;m; j = 1; 2; : : :. can be optimally
identified from the conditions
@J
@Cij
= 0: (1.45)
With these convergence-control parameters known, themth-order approximate
solution (1.42) is well-determined. Furthermore, the convergence-control parameters
Cij can be obtained using the methods such as Galerkin, Ritz, least square or
collocation. It is easy to observe that so-called HPM is a special case of Eq. (1.33)
when H(p) =  p, and on the other hand, HAM is another special case of Eq. (1.33)
when H(p) =  ph (where the parameter h is chosen from so-called h-curves), and
they can all be used to determine the parameters Cij . However, an important feature of
the OHAM is that using Eq. (1.45), a minimization of errors is obtained.
1.6 .2 Numerical procedure
The numerical technique is an efficient and accurate method often used on the
mathematical problems being partial differential equations (PDEs) or ordinary
differential equations (ODEs) in a bid to find their numerical approximations. This
method is also known as “numerical integration ”. This method is being brought and
used for the purpose of assessing the accuracy of the analytical procedures used in this
thesis.
1.6 .2.1 Shooting technique
The shooting technique is a numerical method in which the boundary value problem
of ordinary differential equations (ODEs) converts into an equivalent initial value
problem, see (Osborne (1969), Ahsan and Farrukh (2013a) and Matinfar and Ghasemi
(2013a)).
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Considering the nonlinear boundary value problem (BVP) of the form
y00 = f(x; y; y0); y(a) = 1; y(b) = 2 (1.46)
Equation (1.46) can be written the following form
y0 = z
z0 = f(x; y; z)
y(a) = 1
y(b) = 2: (1.47)
Therefore, equations (1.46) and (1.47) become an initial value problem (IVP) once the
boundary condition at x = b is replaced with the condition z(a) = t. Thus
y00 = f(x; y; y0); y(a) = 1; z(a) = t (1.48)
where t is known as the shooting angle. We chose t = tk in such a way that we are
certain that
lim
k!1
y(b; tk) = y(b) = 2; (1.49)
where y(x; tk) denotes the solution to the initial-value problem (1.48) with t = tk
and y(x) denotes the solution to the boundary-value problem (1.46), Oderinu and
Aregbesola (2014), Adam and Hashim (2014) and Parveen (2016).
1.6 .2.2 Runge-Kutta method
The Runge-Kutta methods are said to be an essential family of both implicit and
explicit iterative methods for the approximation of solutions of ordinary differential
equations. [Butcher and Wanner (1996)].
Considering the following autonomous IVP
dx
dt
= f(t; x(t)); (1.50)
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where x(t) = (x1(t); x2(t); : : : xn(t))T , f 2 [a; b]  Rn ! Rn, subject to an initial
condition
x(0) = x0: (1.51)
To get the numerical approximation of the continuously differentiable solution
x(t) of equations (1.50) and (1.51) over the time interval t 2 [a; b]. The interval [a; b],
is subdivided intoM equal subintervals and choose the mesh points tj . Butcher and
Tracogna (1997) and D’Ambrosio et al. (2012)
tj = a+ jh; j = 0; 1; : : : ;M; h =
b  a
M
: (1.52)
where h is called a step size.
The family of explicit Runge-Kuttta methods of them0th stage as given below
by Hairer and Wanner (1999), Butcher (2000), Wu and Xia (2006) and Hussain et al.
(2016), respectively.
x(tn+1) = xn+1 = xn + h
mX
i=1
ciki; (1.53)
where
k1 = f(tn; xn);
k2 = f(tn + 2h; xn + h21k1(tn; xn));
k3 = f(tn + 3h; xn + h31k1(tn; xn) + 32k2(tn; xn));
...
km = f(tn + mh; xn + h
m 1X
j=1
mjkj): (1.54)
To specify a particular method, the integer m which is the (number of stages)
needs to be provided, and the coefficients i (i = 2; 3; : : : ;m), ij (1  j < i  m),
and ci (i = 1; 2; : : : ;m). These data are often presented in a co-called Butcher tableau.
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0
2 21
3 31 32
...
...
... . . .
m m1 m2 : : : mm
c1 c2 : : : cm
1.6 .3 Mass and momentum equations
Going by the Navier-Stokes description for the flow of incompressible fluids,
the unsteady mass and momentum conservation equations governing the flow of
nanofluid can be written as:
@u
@x
+
@v
@y
= 0; (1.55)
nf

@u
@t
+ u
@u
@x
+ v
@u
@y

=  @p
@x
+ nf

@2u
@x2
+
@2u
@y2

; (1.56)
nf

@v
@t
+ u
@v
@x
+ v
@v
@y

=   @p
@y
+ nf

@2v
@x2
+
@2v
@y2

; (1.57)
where u and v are the velocities in the x and y directions, respectively [Anderson
(2009)]. nf is the effective density of the nanofluid and nf is the effective dynamic
viscosity of the nanofluid.
1.6 .3.1 Boundary layer approximation
Considering the 2D steady of the Navier-Stokes equations (1.55)-(1.57) and apply scale
analysis to a boundary layer equations.
u
@u
@x
+ v
@u
@y
=  1

@p
@x
+ 

@2u
@x2
+
@2u
@y2

; (1.58)
u
@v
@x
+ v
@v
@y
=   1

@p
@y
+ 

@2v
@x2
+
@2v
@y2

; (1.59)
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Having fully knowing that the boundary layer is thin, so we assume the length
scale in y-direction which is better known as the boundary layer thickness  to be
very small compared to the length scale in x-direction which is L, therefore, it can be
assumed that   L [Faghri et al. (2010)]. The magnitude of the velocities in both x
and y directions
@U
@x
 U
L
and
@U
@y
 U

; thus
U
L
 U

This relates to the situation in which the velocity changes from a point close to the
velocity away from the boundary layer to zero at the surface.
Introducing the following non-dimensional variables
x =
x
L
) x = xL; y = y

) y = y; u = u
U
) u = Uu;
v =
v
V
) v = V v; p = p
U2
) p = U2p (1.60)
By representing the flow equations in terms of the above rescaled variables, any term
that is pretty small will then be ignored. Using the transformation variables in Eq.
(1.60) into Eq. (1.55) we obtain
U
L
@u
@x
+
V

@v
@y
= 0; (1.61)
For both @u=@x and @v=@y to be of order one or have equal magnitude, we need
the following scales
U
L
 V

; while the scale of V is estimated as V = O

U
L

(1.62)
substitute Eq. (1.62) into Eq. (1.61)
U
L
@u
@x
+
U
L
1

@v
@y
= 0; (1.63)
Multiply Eq. (1.62) by L
U
, then the non-dimensional continuity equation becomes
@u
@x
+
@v
@y
= 0; (1.64)
It is part of the basic process of this approximation to show the existence, as the
Reynolds number Re approaches infinity, or the kinematic viscosity  approaches zero,
of a limiting form of momentum equations
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For x-direction conservation of momentum: Using Eq. (1.60) into Eq. (1.58),
we have
U2
L
u
@u
@x
+
U2
L
1

v
@u
@y
=  U
2
L
@p
@x
+ 

U
L2
@2u
@x2
+
U
2
@2u
@y2

; (1.65)
Dividing Eq. (1.65) by U
2
L
, we obtain the following non-dimensional form
u
@u
@x
+ v
@u
@y
=  @p

@x
+

UL
@2u
@x2
+

UL

L

2
@2u
@y2
; (1.66)
The Reynolds number for this case is
Re =
UL

: (1.67)
Equation (1.66) can be written as
u
@u
@x
+ v
@u
@y
=  @p

@x
+
1
Re
@2u
@x2
+
1
Re

L

2
@2u
@y2
; (1.68)
It is also known that within the boundary layer, viscous forces balance inertia
and pressure gradient forces. That is to say, both the inertia and viscous forces are
of the same order. In other words, the limit Re! 1, the coefficient of @2u=@x2
becomes small. Therefore this term can be ignored. Besides, the coefficient of
@2u=@y2 is expected to remain of order one.
On choosing  = O

Lp
R

; then

UL

L

2
= O(1): (1.69)
The non-dimensional x-momentum equation becomes
u
@u
@x
+ v
@u
@y
=  @p

@x
+
@2u
@y2
; (1.70)
For y-direction conservation of momentum: Similarly, using Eq. (1.60), so equation
(1.59) becomes
U2
L2
u
@v
@x
+
U22
L2
v
@v
@y
=  U
2

@p
@y
+
U
LL2
@2v
@x2
+
U
2L

L

2
@2u
@y2
; (1.71)
Multiplying Eq. (1.71) by =U2, gives

L
2
u
@v
@x
+ v
@v
@y

=  @p

@y
+

UL


L
2
@2v
@x2
+
@2u
@y2

; (1.72)
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In terms of Eq. (1.66), then equation (1.72) becomes

L
2
u
@v
@x
+ v
@v
@y

=  @p

@y
+
1
Re


L
2
@2v
@x2
+
@2u
@y2

; (1.73)
By ignoring all the small terms and R!1, we obtain
  @p

@y
= 0; (1.74)
After dropping the astrict () and taking back to dimensional variables, the non-
dimensional equations (1.64), (1.70) and (1.74) can be reduced to the following
equations as:
@u
@x
+
@v
@y
= 0; (1.75)
u
@u
@x
+ v
@u
@y
=  1

@p
@x
+ 
@2u
@y2
; (1.76)
  1

@p
@y
= 0; (1.77)
1.6 .4 The basic flow equations
Here, we discussed the transport phenomena which described the transport of mass,
momentum, and energy in respect of the incompressible fluid flow in mathematical
relations. where these descriptions were the notion of the laws of conservation of
momentum, energy, and mass, respectively.
1.6 .4.1 Conservation of mass
The mass or continuity equation is an expression which possesses mass conservation
prerequisites. This equation can be used for both single and mixture species fluids, in
which species diffusion and chemical reactions may be present.
@
@t
+r 


 !
V

= 0: (1.78)
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where  is the fluid density, t is the time,
@
@t
is the material time derivative, r is the
vector operator and
 !
V is the velocity vector which defined as:
r =

@
@x
;
@
@y
;
@
@z

 !
V = (u; v; w):
where u; v; w are the velocity components. In this study we considered the fluid to
be incompressible with a constant density. Hence equation (1.78) is a mathematical
representation of conservation of mass and referred to as continuity equation.
Therefore, equation (1.78) can be written as
r   !V = 0: (1.79)
Equation (1.79) indicates that the velocity field
 !
V of an incompressible flow is meant
to be a divergence free [Pedlosky (1987)].
1.6 .4.2 Conservation of Linear Momentum
The momentum equation or Navier-Stokes equation in fluid dynamic, describes the
movement of fluid and its behavior which may be derived with the aid of the laws of
conservation of momentum applied to an identified fluid particle field.

 
@
 !
V
@t
+ (
 !
V  r) !V
!
=  rp+r   +  !f ; (1.80)
where
 !
f is the body force per unit mass,  is the viscous stress tensor define by:
 =
26664
nxx xy xz
yx nyy yz
zx zy nzz
37775 and  !f = (fx; fy; fz): (1.81)
where nxx; nyy; nzz represents the normal stresses and xy; xz; yx; yz; zx; zy denote
the shear stresses. Thus, the momentum equation in association with its corresponding
velocity components can be written as
@(u)
@t
+r  (u !V ) =  @p
@x
+
@nxx
@x
+
@xy
@y
+
@xz
@z
+ fx;
@(v)
@t
+r  (v !V ) =  @p
@y
+
@yx
@x
+
@nyy
@y
+
@yz
@z
+ fy;
@(w)
@t
+r  (w !V ) =  @p
@z
+
@zx
@x
+
@zy
@y
+
@nzz
@z
+ fz: (1.82)
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